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Abstract
We construct the most general SO(4,2) hydrogen atom coherent states which
are the counterpart of Schro¨dinger’s harmonic oscillator coherent states. We show
that these states cannot be localized and cannot follow the classical orbits. Thus,
Schro¨dinger’s conjecture for the hydrogen atom coherent states is unattainable.
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The classical limit of any quantum system is an important open question. A nat-
ural way to realize the quantum to classical transition, first proposed by Schro¨dinger
in 1926[1], is via coherent states [2]. These states, at least for the harmonic oscillator
(HO), are well-defined localized wavepackets that move along the corresponding clas-
sical orbits. In the last paragraph of his paper, Schro¨dinger postulated that perhaps
states with similar properties may be constructed for the other simplest yet fundamental
quantum system, the hydrogen atom, and that the wavepackets for this system would
travel along Kepler elliptic orbits. He pointed out that “the technical difficulties in the
calculation (were) greater” than in the HO case. However, sixty-seven years later, such
states have not yet been constructed even though there were numerous attempts. The
main conclusion of this paper is to point out that in principle such states as envisioned
by Schro¨dinger do not exist.
The HO coherent states Schro¨dinger constructed are linear superpositions of all
eigenstates of the HO which form the irreducible representation space (Fock space) of
the Heisenberg-Weyl group H4 (the dynamical group of the HO) [2]. All hydrogen atom
bound eigenstates (including all the degenerate states) form an irreducible representation
space of the SO(4,2) dynamical group [3]. Thus, to find the analogous hydrogen atom
coherent states that are linear superpositions of all its eigenstates, it is natural to use
the group theoretical approach to construct the SO(4,2) coherent states for the hydrogen
atom.
A set of coherent states were previously constructed from the SO(4,2) group and
it was claimed that they follow the Kepler motion [4]. The validity of this statement was
later questioned [5]. There were of course other attempts to construct the coherent states
of the hydrogen atom by the use of wavepackets which did not utilize the above irreducible
representation space of SO(4,2) [6, 7, 8]. In this paper we will show that the SO(4,2)
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coherent states of the hydrogen atom can neither satisfy the general minimum uncertainty
relation, nor follow the Kepler orbits. Since these are the most general coherent states
for the system, we are compelled to conclude that the hydrogen atom counterpart of
Schro¨dinger’s HO coherent states cannot possess the same physical features as the HO
states.
The SO(4,2) group is a 3-rank, 15-dimensional non-compact semisimple Lie group.
Its generators in the hydrogen atom representation are [3]:
L = r× p, A = 1
2
rp2 − p(r · p)− 1
2
r,
M =
1
2
rp2 − p(r · p) + 1
2
r, Γ = rp, (1)
S =
1
2
(rp2 − r), T = r · p− i, Γ0 = 1
2
(rp2 + r).
The irreducible representation space for the hydrogen atom is a discrete lower-bound
space with basis |nlm〉 which are the eigenstates of the hydrogen atom. The lowest state
is |ψ0〉 ≡ |n = 1, l = 0, m = 0〉. The maximum subgroup of SO(4,2) which leaves the
ground state invariant is SO(4)⊗ SO(2). Its generators are Li, Ai and Γ0. According to
the general algorithm [2], the SO(4, 2) coherent states for the hydrogen atom are then
defined as:
|SO(4, 2), CS〉 ≡ |Ω〉 = Ω|ψ0〉
= exp i (α ·M+ β · Γ + α4S + β4T ) |ψ0〉, (2)
where {αi, βi; (i = 1, 2, 3, 4)} are real parameters.
These coherent states for the hydrogen atom have useful algebraic and topolog-
ical properties. Just as the HO coherent states are isomorphic to the coset space
H4/U(1)⊗U(1), these states are isomorphic to the coset space SO(4, 2)/SO(4)⊗SO(2),
a 4-dimensional complex manifold which provides the geometrical basis for the link with
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the classical limit of the hydrogen atom. Their cardinal algebraic property is the resolu-
tion of identity: ∫
dµ|Ω〉〈Ω| = I (3)
where dµ is the normalized SO(4, 2)-invariant measure on SO(4, 2)/SO(4) ⊗ SO(2).
This property offers a connection between the quantum observables and the classical
observables [9]. We mentioned that there were other constructions of wavepackets for
the hydrogen atom [6, 7, 8]. These wavepackets do not satisfy the above resolution of
identity [9].
One can physically appreciate the coherent states we have constructed for the
hydrogen atom by comparing them to the Schro¨dinger’s HO coherent states. It is now
well known that the Schro¨dinger’s HO coherent states can be written as [10]:
|z〉 = exp(za† − z∗a)|ψ0〉 = e−|z|/2
∞∑
n=0
zn√
n!
|n〉 (4)
where |n〉 are the HO eigenstates. These coherent states are wavepackets and are well
localized at the point z in the HO phase space. This is a direct result of the fact that
zn√
n!
has its maximum at |z|2 = n, as Schro¨dinger pointed out in his paper. Hence, in the
expansion, the coherent states will be dominated by a small number of eigenstates in the
neighborhood of this |z|2. Here we must point out that this is true not only for very large
|z| as Schro¨dinger had stated in his paper, but for any value of |z| as well. The rigorous
statement of the above well-localized wavepackets is that they will satisfy the minimum
uncertainty relation:
∆q∆p = h¯/2. (5)
Schro¨dinger stated in his paper [1] that “das man auf ganz a¨hnliche Weise auch die
Wellengruppen konstruieren kann, welche auf hoch-quantingen Keplerellipsen umlaufen
und das undulationsmechanische Bild des Wasserstorffelektrons sind.” [11]. The word
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“hoch-quantingen” means “high quantum number” [12]. The same sort of statement
about the HO case was made earlier by Schro¨dinger in his paper, and we now see that in
fact it is not necessary for the HO coherent states. Hence, we should not expect that the
equivalent hydrogen atom coherent states need to be constructed from eigenstates with
high quantum numbers.
To compare the above picture of the HO coherent states to that of hydrogen atom
coherent states, it is convenient to use the boson representation of the SO(4,2) algebra
[3]:
Lk =
1
2
ǫijk(a
†σka+ b†σkb), Ai = −1
2
(a†σia− b†σib),
Mi = −1
2
(a†σiCb† − aCσib), Γi = − i
2
(a†σiCb† + aCσib), (6)
S =
1
2
(a†Cb† + aCb), T = − i
2
(a†Cb† − aCb), Γ0 = 1
2
(a†a+ b†b+ 2),
where σi are the Pauli spin matrices, C = iσ2 and a = (a1, a2), b = (b1, b2) are the two
harmonics oscillator creation and annihilation operators. The hydrogen atom ground
state is the boson vacuum state, ai|ψ0〉 = bi|ψ0〉 = 0 , i = 1, 2, and its coherent states,
Eq.(2), can then be reexpressed as
|Ω〉 = exp
3∑
i,j=1
(
zija
†
ib
†
j − z∗ijaibj
)
|ψ0〉, (7)
where the relations between zij and {αi, βi} can be found by comparing Eq.(2) and Eq.(7).
The coherent states can further be rewritten as
|Ω〉 = N 1/2
∞∑
n=1
∑
k1k2k3k4
C1234
(zk111z
k2
12z
k3
21z
k4
22)
(n− 1)! |n〉
= N 1/2
∞∑
n=1
∑
lm
Czlm|nlm〉 (8)
where N is the normalized constant, k1 + k2 + k3 + k4 = n − 1, and |n〉 =
(a†1)
k1+k2(a†2)
k3+k4(b†1)
k1+k3(b†2)
k2+k4|ψ0〉 which are the eigenstates of the hydrogen atom
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with the principal quantum number n
Γ0|n〉 = n|n〉. (9)
Using Schro¨dinger’s argument for the HO coherent states, we can see that the
SO(4,2) coherent states for hydrogen atom are not well-localized wavepackets. This is
because from Eq.(8) it is easy to see that for given zij , there is no unique peak as in
the HO case. On the contrary, there is a large number of peaks which will de facto
delocalize the wavepackets. Hence it is not expected that the SO(4,2) coherent states for
the hydrogen atom can satisfy the minimum uncertainty relation.
Next we will show rigorously that the SO(4,2) coherent states cannot satisfy the
general minimum uncertainty:
(∆r)2(∆pr)
2 =
1
4
〈Ω|[r − 〈r〉, pr − 〈pr〉]+|Ω〉2 + h¯
2
4
, (10)
of which the Heisenberg minimum uncertainty relation is a special case. The proof is as
follows. Eq.(10) is true only if [13]:
(r − 〈r〉)|Ω〉 = c(pr − 〈pr〉)|Ω〉, (11)
which is the same as:
(r2 − r〈r〉)|Ω〉 = c(r · p− r〈pr〉)|Ω〉. (12)
However, we find that Eq.(12) cannot be satisfied by the SO(4, 2) coherent states. Using
the matrix representation approach in the coherent state calculation [2], Eq.(12) can be
reduced to
A|0〉+B|2〉+ C|4〉 = 0 (13)
where |0〉 ≡ |ψ0〉, |2〉 ≡ a†ib†j |ψ0〉, and |4〉 ≡ a†ib†ja†kb†l |ψ0〉, and the coefficients A,B,C are
functions of zij . It can explicitly be shown that the coefficients A,B and C vanish only
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if C = 〈r
2〉
〈r·p〉 , and
2Y1X + iXσ2X − iY1σ2Y2 = 0, Xσ2X + Y1σ2Y2 = 0, (14)
where
X =
Z√
Z†Z
sinh
√
Z†Z, (15)
Z is a 2 × 2 matrix with elements zij , the parameters in the coherent states of Eq.(7),
and
Y1 =
√
I +XX†, Y2 =
√
I +X†X (16)
Now using Eq.(14), we find that ∆r = 0, and ∆pr is infinite, which seems to
be consistent with the uncertainty relation. However, in this case, the coherent state
becomes an eigenstate of the r operator with zero eigenvalue and therefore contains no
physical information. In fact, we find that Eq.(14) leads to
− 4Im2(x12)− 1 = (Re(x11) +Re(x22)2 + Im(x11)− Im(x22))2 (17)
a condition which cannot be satisfied. In eq. (17), Re(xij) and Im(xij) mean the real
and imaginary part of the matrix element xij of the matrix X. This indicates that Eq.(10)
cannot be obeyed. Thus, the requirement that the SO(4,2) coherent states satisfy the
general minimum uncertainty cannot be realized.
We conclude that the most general SO(4,2) coherent states for the hydrogen atom
cannot be well-localized wavepackets. In fact, based on the recent work proposed by two
of the authors [14], we can show that the coherent states that are the superposition of
all the eigenstates of the hydrogen atom cannot give us the classical limit. The classical
limit in this framework is realized as follows: classical dynamics, if it exists at all for a
quantum system, is depicted by the phase space structure of the expectation value of the
hamiltonian in the coherent states in which the quenching index Ξ, which is inherently
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hidden in the coherent states, goes to infinity. In the SO(4,2) coherent states for the
hydrogen atom, Ξ = 1
2
. So, there is no classical limit for this quantum system. As
a result, the coherent states cannot move along the Kepler orbits. It would therefore
appear that the goal of Schrodinger is unattainable.
Finally, we should remark that the results we have obtained here do not preclude
that coherent states formed by a complete subset of the hydrogen eigenstates have a
classical limit. Such states are for example the SU(1,1) coherent states, which are super-
positions of the states with n ≥ l+1 where l is the angular momentum quantum number
and should be a relatively large value since the quenching index for SU(1,1) hydrogen
atom coherent states is Ξ = 2(l + 1) [14]. Quite recently, there were some remarkable
experimental developments on single atoms and radiation [5, 15] which may imply that
there will be some wavepackets which will follow classical trajectories and have both clas-
sical and quantum properties. Our work on the SU(1,1) hydrogen atom coherent states
is now in progress. We speculate that these could be the SU(1,1) coherent states for the
hydrogen atom.
This work is supported by the U.S. National Science Foundation and the National
Science Council of the ROC. We thank B. Giraud for a useful communication.
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